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0. Introduction 

The "character values" of the irreducible projective representations of &k, the 
symmetric group of degree k, were determined by I. Schur using Schur's Q-functions, 
which are indexed by the distinct partitions of k, [10], in a way analogous to Frobe- 
nius' formula for the character values of the ordinary irreducible representations of 
&k [2]. Behind Frobenius' formula exists a duality relation of &k and the general 
linear group GL(n) (the Schur- Weyl duality). It is natural to expect the existence 
of an analogous duality relation between the twisted group algebra Ak (cf. (1.2)) 
of &k and some algebra, behind Schur's method. A. N. Sergeev showed that a 
twisted group algebra Bk (cf. (1.3)) of the hyperoctahedral group H/. and a Lie 
superalgebra q(n) (cf. §1, G) act on the k-th tensor product W = V® k of the 2n- 
dimensional natural representation V = C n © C n of q(n), as mutual commutants 
of each other [11] (in the sense of Z/2Z-graded algebras, see §1, E). This result 
motivated our work. 

In this paper, we establish a duality relation between Ak and q(n) on a sub- 
space of W, and give a representation-theoretic explanation of Schur's identity (1.6) 
adapted to the context of Z/2Z-graded representations by T. Jozefiak (Corollary 
4.2). 

In §3, we construct an isomorphism Bk = Cfc <8> Ak of Z/2Z-graded algebras 
(Theorem 3.2), where Ck is the 2 fc -dimensional Clifford algebra and <8> denotes the 
Z/2Z-graded tensor product (cf. §1, E). This isomorphism does imply an embed- 
ding Ak Bk, although Ak does not sit in Bk in an obvious manner (cf. §1, 
D). Then, we give a simple relation between the Z/2Z-graded irreducible represen- 
tations of Bk and Ak (Proposition 3.5). Note that J. R. Stembridge constructed 
the non- graded simple modules of the underlying algebra \Bk\ as submodules of 
non-graded tensor products of modules of three twisted group algebras of Hk [13], 
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but his description of the simple \Bk | -modules does not immediately show a simple 

relation between Ak and Sk- 
in §4, we give a submodule W of W, as a simultaneous eigenspace of 2 L fc / 2 J 

involutions contained in Ck, where [k/2\ denotes the largest integer not exceeding 

fc/2, and show that Ak and q(n) act on W as mutual commutants of each other 

in the context of Z/2Z-graded algebras (Theorem 4.1). 

In this paper, all vector spaces, and associative algebras, and representations in 

this paper are assumed to be finite dimensional unless otherwise stated, and over 

the complex number field C. 

Acknowledgments. We would like to express our gratitude to T. Jozefiak, K. 
Koike and I. Terada for various helpful remarks. 

1. Preliminaries and notations 

A. The hyperoctahedral group Hk- The hyperoctahedral group Hk is the 
group generated by t and the Sj, 1 < i < k — 1, subject to relations 

(1.1) t 2 = s 2 = l (l<i<jfe-l), 

( Sl s l+1 ) 3 = l (1 < * < As - 2), (s lSj ) 2 = l (|*-j|>2), 
(tsi) 2 = 1 (2<i<fc-l), (t Sl ) 4 = l. 

H k is isomorphic to the Weyl group of type B k or Ck, and is also sometimes 
called the group of signed permutations. The subgroup of Hk generated by the Sj, 
1 < i < k — 1, is isomorphic to the symmetric group of degree k, which we denote 
by &k- 

B. Partitions. Let Pk denote the set of all partitions of k (see [8, p. 1]), and put 
P = U fc>0 Pk- For A G P, we write l(X) for the length of A, namely the number of 
nonzero parts of A. Also we write |A| = k if A G Pk- Let DPk and OPk denote the 
distinct partitions (or strict partitions, namely partitions whose parts are distinct) 
and the odd partitions (namely partitions whose parts are all odd) of k respectively. 
Let DP k + and DP k ~ be the sets of all A G DP k such that (-l) fc "'( A ) = +1 and -1 
respectively. Note that (— l) fc_i ( A ) equals the signature of permutations with cycle 
type A. We also put DP = \Jk>o DP k and OP = U fc>0 OP fc . Note that these 
notations, DP and OP, were used by Stembridge in [12], [13]. 

C. The subring $7 of the ring of the symmetric functions. Let A denote the 
ring of the symmetric functions with coefficients in C. Note that our A is the scalar 
extension of the A in [8], which is a Z-algebra, to C. We have A = © fc>0 A fc , where 
A fc denotes the subspace of A consisting of the homogeneous elements of degree k. 

For each r > 1, let p r denote the r-th power sum J2i>i x \ e A- The p r , r > 1, 
are algebraically independent over C and we have A = C[pi,p2j ■ ■ ■ ]■ For each 
partition A = (Ai, A 2 , ...,Xi) £ P, let p x = p Xl p\ 2 ■ ■ -p\ v Then {p\ ; A G P} is a 
basis of A (cf. [8, §1, sect. 2.]). 



DUALITY 



3 



Let ft denote the subring of A generated by the power sums of odd degrees, 
namely the p r , r = 1, 3, 5, . . . . Put Q k = Q n A fc . Then we have Q = fc>o fi fc , 
and {p\ | A G OP} is a basis of f2. 

For A G DP, let Qa G A denote Schur's Q-function indexed by A (cf. [10], [12, 
sect. 6]). Then {Q\ | A G DP} is also a basis of fL 

D. Twisted group algebras Ak and Bk- For each k > 1, let Ak denote the 
associative algebra generated by the elements ji, 1 < i < k — 1, subject to relations 

(1.2) 7- = -1 (1 < i < k - 1), {^n+if = -1 (1 < i < k - 2), 

( 7l7j ) 2 = -i (K-il >2). 

Ak is isomorphic to a twisted group algebra of &k (see below). We regard Ak as a 
Z 2 -graded algebra by giving degree 1 £ Z 2 to the generators 7 j for all 1 < i < k — 1. 
In the following, we abbreviate Z/2Z as Z 2 . 

For each k > 1, let Bk denote the associative algebra generated by r and the (Ji , 
1 < i < k — 1, subject to relations 

(1.3) 

r 2 = ^ 2 = l (1 < i < fc — 1), (^a i+1 ) 3 = 1 (l<i<fe-2), 
(a,^) 2 = 1 j\ > 2), (ra,) 2 = 1 (2 < i < k - 1), 

(raO 4 = -1. 

Bk is isomorphic to a twisted group algebra of Hk (again see below). We regard 
Bk as a Z 2 -graded algebra by giving degree 1 to the generator r and degree to 
the generator <jj for all 1 < i < k — 1. 

Remark. The structures of H 2 (& k , C x ) and H 2 (H k ,C x ) were clarified by I. Schur 
[10] and J. W. Davies, A. O. Morris [1] respectively, as follows: 



(1.4) H 2 (e k ,c> 



for k < 3 

Z/2Z for k > 4 



(1.5) # 2 (# fc ,< 



if A; = 1 

Z/2Z ii k = 2 

Z/2Z x Z/2Z if A- = 3 

Z/2Z x Z/2Z x Z/2Z if k > 4. 



If fe > 4, then any twisted group algebra C a Sfc of Sfc with a non-trivial 2-cocycle 
q is isomorphic to Ak (cf. [10], [12, Lem. 1.1]). If k < 3, then .A^ is isomorphic to 
the ordinary group algebra C&k, via 7, 1— > \J — lsj. 

Moreover, if A; > 2, then is isomorphic to a twisted group algebra C a Hk 
of ^ with a non-trivial 2-cocycle a (cf. [13, Prop. 1.1]). Note that the cocycle 
associated with Bk does not restrict to the cocycle associated with Ak- 
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In the following, we consistently use the formulation of the Z 2 -graded represen- 
tations, namely the Z2-graded modules of Z 2 -graded algebras (superalgebras), as 
was used in [3] and [4]. This formulation is slightly different from the traditional 
parametrization of the non-graded representations, but there exists a explicit re- 
lation between the Z 2 -graded representations of a Z 2 -graded algebra A and the 
non-graded representations of the underlying algebra \A\ (cf. [3, Lem. (2.8), Cor. 
(2.16), Prop. (2.17)], [4, Prop. 2.5, Cor. 2.6]). 

E. Semisimple superalgebras. This theory was developed by T. Jozefiak in [3], 
which we mostly follow. A Z 2 -graded algebra A, which is called a superalgebra 
in this paper, is called simple if it has no Z 2 -graded two-sided ideals except itself 
and 0. 

Let V be a Z 2 -graded vector space, namely a vector space with a fixed direct 
sum decomposition V = Vq © V\. We write dimF for the pair (dim Vq , dim V\ ) . If 
W = Wq®W\ is another Z 2 -graded vector space, then the vector space Hom(V, W) 
consisting of all linear maps from V to W has a Z 2 -gradation defined as follows: 

Hom a (T/, W) = {/ € Hom(y, W) ; f(V ) C W a+P for all (3 G Z 2 } 

for each a G Z 2 . In particular, it can be easily checked that the endomorphism 
algebra End(F) = Hom(V,F), which is isomorphic to the full matrix ring M n+m 
where dimy = (n,m), can be regarded as a superalgebra with this gradation. 
This superalgebra is denoted by M(n,m). It is clear that M(n,m) is simple, since 
the underlying algebra |M(n, m)| = M n+m is a simple algebra. 

There exist another type of simple superalgebras. Let Q(n) denote a subsuper- 

algebra of M(n,n) which consists of all 2n x 2n-matrices of the form 

where C and D are n x n-matrices. It is easy to show that Q(n) is a simple 
superalgebra. 

Theorem 1.1. (cf. [3, Th. 2.6], [4, Th. 2.1], [15]) A simple superalgebra is isomor- 
phic to either M(n,m) for some n,m or Q(n) for some n. 

A simple superalgebra A is said to be of type M (resp. of type Q) if A is 
isomorphic to M(n,m) for some n,m (resp. is isomorphic to Q(n) for some n). 

Let V be an A-module, namely a Z 2 -graded vector space V = Vq © V\ together 
with an algebra homomorphism p: A — > End(F), which preserves Z 2 -gradations. 
Then we call p a representation of A in V, and simply write p(a)v = av for all 
a £ A and v € V . A Z 2 -graded subspace W of V is called an ^4-submodule if it 
is stable under p(A). We say that V is simple if it has no ^4-submodules except 
itself and 0. 

Let V and W be two ^4-modules. For each a £ Z 2 , let Hom^(V, W) denote 
the subspace of Hom a (V, W) consisting of all elements / G Hom a (V, W) such that 
f(av) = (-l) a -Paf(v) for all a G Ap ((3 € Z 2 ), v £ V. Put Rom A (V,W) = 
Hom° A (V,W) © Rom\(V,W) and put End A (V) = Rom A (V,V). It is clear that 
End^(F) is a subsuperalgebra of End(F) with this gradation. We call End^(^) 
the supercentralizer of p(A) or A in End(F), where p is the representation of A 
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associated with V. The shift of V, denoted by V in this paper, is defined to be the 
same vector space as V with the switched grading, namely Vq = V\ and V\ = Vq, 
and with the homomorphism p: A — > End(V) defined by p(a) = (—l) a p(a) for 
a G A a , where p is the superalgebra homomorphism associated with V. Note that 
we have Rom° A (V,W) = Hom\(V,W) and Hom^(F,VF) = Hom° A (V,W). Two 
^-modules V and W are called isomorphic (resp. strictly isomorphic) if there 
exists an invertible linear map / G Rom A (V,W) (resp. / G Hom^V, W)). If this 
is the case, we write V =a W (resp. F = A W). In view of the following theorem, 
if V and W are simple ^-modules, we have V =a W if and only if V =a W or 
V^a W. 

The following theorem contains an analogue of Schur's Lemma. 

Theorem 1.2. (cf. [3, Prop. 2.17], [4, Prop. 2.5, Cor. 2.6]) Let V = V V\ be a 
simple A-module. 

(1) The supercentralizer End^(F) is isomorphic to M(1,0) = C, if and only if 
Vq is not isomorphic to V\ as an A -module. 

(2) The supercentralizer End^(V) is isomorphic to Q(l) = C\, if and only ifVo 
is isomorphic to V\ as an A^-module. 

If a simple vl-module V satisfies either of the equivalent conditions in (1) (resp. 
(2)), then we say that it is of type M (resp. of type Q). If V is a simple yl-module 
of type M, then so is V and we have V ^a V ■ If is a simple A-module of type 
Q, then so is V and we have V =a V ■ In both cases we have V =a V. 

Let A and B be two superalgebras and let V (resp. W) be an A (resp. _B)-module. 
The vector space A <g B can be turned into a superalgebra, where the grading is 
defined by (A (g B) a = ®0 +1=a Ap (g B 1 for each a G Z 2 , and the multiplication is 
defined by 

(a ® 6)(c (8) d) = {-if^ac (g fed 

for any a G A, 6 G c G Ay, and d £ B (/?, 7 G Z2). This superalgebra is 
called the supertensor product of A and B and denoted by A (g £?. Note that 
we have an isomorphism of superalgebras uja,b : A® B ^ B ® A determined by 
^a,b(cl (g 6) = (— 1) Q '^6 (g a for all homogeneous elements a G A Q and b ^ Bp (a, 
(3 G Z2). The following states that the supertensor product of simple superalgebras 
is again a simple superalgebra. 

Theorem 1.3. [3, Prop. 2.10], [15] There exist isomorphisms of superalgebras 

(a) M(r, s) (g M(p, q) = M(rp + sq, rq + sp), 

(b) M(r, s) (g Q(ra) = Q(rn + sn), 

(c) Q(m) (g Q{n) = M{mn,mn). 

Moreover, V <g W can be regarded as a A <g .B-module as follows: 
(a <g <g w) = (-l) p ' a av (g few 
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for any a G A, b G Bp, v G V a , and w £ If (a J £ Z 2 ), and (F (8) W) a = 
©/3+ 7 =«Vg W 7 for a G Z 2 . This A <8> S-module is called the supertensor 
product of V and W and denoted by V © W. Note that the supertensor product 
is symmetric, namely the B © A-module obtained from the A © S-module V © W 
via oob,a is isomorphic to W ®V by the map determined by v®w i-> (— l) Q '^u;©-i; 
for all homogeneous v £ V a and u> G (a, /? G Z 2 ). 
The following follows from Scfmr's lemma. 

Theorem 1.4. Let A, B be superalgebras, and put C = A © B . Let U (resp. W) 
be a simple A-module (resp. simple B -module), and put V = U © W. 

(a) // U, W are of type M, then V is a simple C -module of type M. We 
have U © W ^ c U © W = c V, U © W ^ c V and V\ A ^ A U ek ' © 17®'', 

V\ B =b W® k @W® 1 where (k,l) =dimU, (V,V) =dimW. 

(b) If one of U and W is of type M and the other is of type Q, then from 
the symmetry of the supertensor product we have only to state for the case 
where U is of type M and W is of type Q. Then V is a simple C -module of 

type Q. We haveU®W^ c V andV\ A ^ A U® n ' ®U® n ' , V\ B = B W® k+l 
where (k,l) = dim £7, (n',n r ) = dimW. 

(c) Suppose U and W are of type Q. Fix x G End\(U) (resp. y G End B (W)) 
satisfying x 2 = — 1 (resp. y 2 = —1). Then x © y G End c (U © W) satisfies 
(x © y) 2 = —1. Let be the ( ± \J — 1 ) - eigenspace of x © y respectively. 
Then V = V + © V~ is a decomposition into simple C -modules, both of 
type M. We have V+ ^ c V~ and V+\ A ^ A V~\ A ^ A U® n ' , V + \ B =b 
V~\ b =b U® n where (n,n) = dimU, (n',n') = dimW. 

Moreover, the above construction gives all simple A © B -modules. 

Let Irr A denotes the set of all isomorphism classes (not strict isomorphism 
classes) of simple A-modules for any superalgebra A. 

Corollary 1.5. We have a bijection Irr A © B —>■ Irr A x In B. 

For any A-module V, the following conditions are equivalent. 

(1) V is a sum of simple A-sub modules, 

(2) V is a direct sum of simple A-submodules, 

(3) For any A-submodule W of V, there exists a A-sub module W' of V such 
that V = W@W. 

We call an A-module V semisimple if it satisfies one of the above equivalent 
conditions (l)-(3). 

For any superalgebra A, the following conditions are equivalent (cf. [3, Prop. 
2.4], [3, Cor. 2.12], [4, Th. 2.2, Cor. 2.3]): 

(1) A is a semisimple (regular) A-module, namely A is a direct sum of simple 
A-submodules, 

(2) every A-module is semisimple, 

(3) A is a direct sum of simple superalgebras. 
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We call a superalgebra A semisimple if it satisfies one of the above equivalent con- 
ditions (l)-(3). Note that the supertensor product of two semisimple superalgebras 
is semisimple. 

Theorem 1.6. (cf. [3, Cor. 2.12], [4, Th. 2.2, Cor. 2.3]) Let A be a semisimple su- 
peralgebra. 

(1) There exist integers m, q > and > (1 < i < m) and nj > 
(1 < j < q) such that 

m q 
i=l j=l 

as a superalgebra. The following data are determined by A, and conversely the 
following data determine A: (a) m = m(A), (b) q = q(A), (c) the multiset of the 
unordered pairs {ki,li}, and (d) the multiset of the numbers nj. 

(2) The number of the isomorphism classes of the simple A-modules is equal to 
m(A)+q(A). 

Note that the set of simple direct summands of A, isomorphic to M(ki, li) (1 < 
i < m) and Q(nj) (1 < j < q), is uniquely determined by A. We call them 
the simple components of A. We should also remark the equivalence of the 
semisimplicity of a superalgebra to that of the underlying algebra: 

Proposition 1.7. (cf. [3, Cor. 2.16]) A superalgebra A is semisimple if and only 
if an underlying algebra \A\ is semisimple. 

Let A be a semisimple superalgebra, and let V be an A-module. Then there 
exist a finite number of simple A-submodules Ui, U?, . . . , Ui of V such that V = 
Ui®U 2 ®---®Ui as an A-module. For each 1 < r < /, put U(V) r = YjU s ^ A u r V s- 
Then we can choose a subset R of {1, 2, ... , /} such that V = rei? U(V) r . Note 
that the set of ^4-submodules U(V) r , r G R, is uniquely determined by V. The 
U(V) r are called the ^-homogeneous components of V. 

In the next section, §2, we will precisely state the double centralizer theorem for 
semisimple superalgebras, in which we will show that there exists a 1 — 1 correspon- 
dence between the simple A-modules and the simple End A (V)-modules appearing 
in an yl-module V. 

F. Character formulas for Ak and Bt- Let A be a superalgebra: A = Aq®A\, 
and let V be an A-module. Define a linear map Ch[V] : A — > C by Ch[V](a) = 
try (a) for all a £ A. It is called the character of the ^-module V. Ch[V] only 
depends on the isomorphism class of V. We also say that V affords the character 
Ch[F]. Let {U r } re R be a complete set of representatives of the isomorphism classes 
of the simple A-modules. Let Z (A*) denote the subspace of A* = Hom(A, C) 
consisting of all elements /: A — > C such that f(ab) = f{ba) for all a, b £ A 
and such that f\A 1 = 0. The character of any A-module belongs to Z (A*). If 
A is semisimple, then {Ch[[/ r ] ; r G R} is a basis of Z (A*). In this case, the 
isomorphism classes of A-modules are uniquely determined by their characters. 

Let & k be the subgroup of (Ak) x generated by — 1, 71, . . . , 7^-1 (—1 is not 
necessary if k > 4). Then & k is a double cover (a central extension with a Z 2 
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kernel) of &k with a group homomorphism tt: & k — > Sfc denned by 7r(— 1) = 1 and 
7r(7j) = Sj for all 1 < j < k — 1. If > 4, then S' fc is a representation group of &k- 
Let 7 M be an element of & k defined by taking a particular reduced expression of a 
permutation of cycle type fi and replacing each Si with ji, namely: 

7 M = (7l • • -7mi-i)(7mi+1 • ■ -7Atl+M2-l) • • • (7Ml+-+Mr-l + l ' ' ' 7/Xl+"+Mr--l) 

where r = /(/i). Let ip be a character of an ^-module. Then we have <^(7 M ) = 
unless /U G OPfc (cf. [10], [12]). I. Schur explicitly described the characters of the 
simple ^Ifc-modules. We review Schur's result in the form translated by T. Jozefiak 
into the language of Z^-graded representations [4]. Let e: DP}. — ► Z2 be defined 
by e(v) = if v G DP+ and e(y) = 1 if u G 

Theorem 1.8. [4], [10] De/me i/ie G Z ((A)*), f G £>P fc , by 

(1.6) (V^)'^ = 2 ^(7 M )(V2)-' M - £M Q, 

v€DP k 

/or a// jU G OPk, where Q u denotes the Schur Q-function (cf. [10], [12]). Then the 
ip u , v G -D-Pfc; ^we a// irreducible characters of Ak- 

For each v G DPk, fix a simple Ak-module V v which affords the irreducible 
character ip v of Ak- Then V u is of type M (resp. type Q) if v G DP k (resp. 

ueDP~). 

Let H' k be the subgroup of (£>&)* generated by —1, r, &\, . . . ,ak-i (—1 is not 
necessary if k > 2). Then H' k is a double cover of Hj~ with a group homomorphism 
7r: H' k — > defined by vr(— 1) = 1, 7t(t) = t, and vr(o"j) = Sj for all 1 < j < k — 1. 
Let o~( A, ' i - ) denote a similarly defined element of H' k mapping to a representative of 
the conjugacy class of indexed by (A ;/ u): 

o- (a ' m) = x\x 2 ■ ••yiy2 ■■■ , 

Xi = a Xl+ ... +Xi _ 1+1 ■ ■ ■ a\ 1+ ... +Xi -i, 

Hi = C|A|+/ii+-+/ii-i+l " " " °"| A|+/^iH — l' 7 "! A|+/^iH hMi ' 

Tj = 0~j-i ■ ■ ■ U\TO~\ ■ ■ ■ 0~j-i . 

Let tp be a character of a ^fc-module. Then we have ip(a^ x '^) = unless A G OPk 
and \x = <p (cf. [1], [13]). A. N. Sergeev showed the following explicit formula for 
the characters of the simple £>fc-modules using his duality relation which we will 
review in the next subsection, §1, G. Define a map d: Pk — ► TL>i by d{v) = 1 if l{u) 
is odd, and d{v) = if l{v) is even. 

Theorem 1.9. Define the functions ip v G Z ((Bk)*), v G DPk, by 

(1.7) 2 l ^ Pfl = ^ M° M) ){V2)~ lM ~ d(u) Qv 

for all fi G OPk- Then the tp v , v G DPk, give all irreducible characters of Bk- 

For each u G DPk, fix a simple Bk-module W v which affords the character ip v . 
Then W v is of type M (resp. type Q) ifl(v) is even (resp. odd). 
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G. Sergeev's duality relation. First we introduce the Lie superalgebra q(n), 
sometimes called the queer Lie superalgebra. A standard reference for Lie super- 
algebras is [7]. 

Let Ql(n/m) (denoted by l(n,m) in [7]) denote the Lie superalgebra whose un- 
derlying vector space is that of (the superalgebra) M(n, m) and the Jacobi product 
[ , ] : 0[(n/m) x gl(n/m) -► fll(n/m) is defined by [X,Y] = XY - {-l) a ^YX for 
all X G Q\(n/m) a and Y € $l(n / m) p (a, (3 £ Z 2 ). Let q(n) denote the Lie super- 
algebra for the superalgebra Q(n) in the same manner. Let U n = U(q(n)) denote 
the universal enveloping algebra of q(n), which can be regarded as a superalgebra 
(cf. [7]). 

The Lie superalgebra q(n) naturally acts on a 2n-dimensional space V with a 
fixed Z 2 -gradation V = Vo © Vi, dim Vo = dimVi = n. Therefore W„ also acts on 
V. Let IV denote the fc-fold supertensor product W = V® k of V. We define a 
representation Q:U n — > End(TV) by 

k -i 
(1.8) e(X)(«! <8> • • • ® u fe ) = ^(-l)°-(^i+-+A--i) t ; 1 ® ■ ■ ■ <g A^- <g • • • <g Vfc 

.7=1 

for all X £ q(n) a and Vi 6^. (1 < « < fc) and a, G Z 2 (1 < i < k). Actually 
this action can be defined using a superalgebra homomorphism A : lA n — > £Y„ (8) W n 
called the coproduct, determined by A (A) = 1 <g A + X (g 1 for all A G q(n). 

fc-2 

Namely, if we put A^ = (id <g ■ ■ ■ <g id <g>A) o • • • o (id <g A) o A : U n -> W® fc , then 
we have 0(A)(«i <g • • • <g Vk) = ^ k \X)(v\ <g ■ ■ ■ <g ^fe)- Note that £Y„ is an infinite 
dimensional superalgebra. However, for a fixed number k, U n acts on TV through 
its finite dimensional image in End(lV). Therefore we can use the results in §1, E 
on finite dimensional superalgebras and their finite dimensional modules. 
Next define a representation \I> : Bk —>■ End(lV) by 

(1.9) 

*(t)(vi <g ■ ■ ■ <8> v k ) = (Pui) <g v 2 <8> • • • <8> ffc 
*(o-i)(t;i (8) • • • <8> v k ) = (-l) (3l ' (3l+1 v 1 <g ■ • ■ <g <g <g ■ ■ ■ <g v k 

(vi e Vft, pi e Z 2 , l < i < fc- l) 

where P = ( ~^ In ) G 

Let W' be a W n -submodule of W. Since q(n)o — fll( n i ^) as a Lie algebra, and V 
is a sum of two copies of natural representations of gl(n, C) (Vo and Vi), this embeds 
W"'| q ( n ) into a sum of tensor powers of the natural representation, so that this 
representation of flt(n, C) can be integrated to a polynomial representation Oy/' of 
GL(n, C). Let Ch[TV'] denote the character of Qw'-> namely Ch[IV'](xi, x 2 , . . . , x n ) 
is the trace of 0w'(diag(a:i, x 2 , . . . , £„)). 

We review Sergeev's result. He established a duality relation between Bk and 
tl n using the double centralizer theorem for semisimple superalgebras, which we 
will precisely state in the next section, §2. 
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Theorem 1.10. [11] (1) Two superalgebras Bk and U n act on W as mutual su- 
percentralizers of each other: 

End e(w „)(W) = *(B k ), End nBk) (W) = Q(U n ). 

(2) The simple Bk-module W v [y G DPk) occurs in W if and only if l{y) < n. 

(3) For each v € DPk, let U v denote a simple U n -module corresponding to W v 
in W , in the sense of (the final part of) Theorem 2.1. Then it follows that 

(1.10) Chp^xu x 2 , ...,x n ) = (V2) d ^- l ^Q l/ (x 1 ,x 2 , ...,x n ). 

For each v £ DPk such that l{v) is odd, fix y v £ Endg fc (l^ !/ ) such that yf, = —1 
and let u v £ End^ (U u ) be defined using y v as in (2.2) in which yi and Xi are 
replaced by u v and y v respectively. Then we have 

(1.11) w^ Bkmn w v ®u v ® (w„®tr„)+ 

/(f): even '(") : odd 

where (W„ (g) ?7 !/ ) ± denotes the simple Bk <8> £/ n -module obtained as the ±y/^l- 
eigenspace of y u ® u v £ End ■ (W u <g) U u ) respectively. 

2. Double centralizer theorem for semisimple superalgebras 

Now we introduce the double supercentralizer theorem for semisimple superalge- 
bras. Although this follows easily from the discussion as in [3], it seems convenient 
to state it precisely. Here we partly take a finer viewpoint of strict isomorphisms. 

Theorem 2.1. Let A be a semisimple superalgebra. Let V be an A-module with 
the associated representation p: A — ► End(V), and 

(2.1) V = V 1 @V 2 ®---®V S 

be the decomposition of V into A-homogeneous components. Put B = End A (V). 
We define a representation p: A® B — ► End(F) of A® B by p(a <g) b) = p(a) o b 
for all a £ A and b £ B. Then each Vi, 1 < i < s, is a simple A (g) B-submodule of 
V of type M. 

Let Ui be a simple A-module contained in Vi. If Ui is of type M , then there 
exists a simple B -module Wi of type M such that 

If Ui is of type Q, then there exists a simple B-module Wi of type Q such that 

We have 

Ui ¥a Uj, Wi ¥b Wj 
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for all 1 < i 7^ j < s. This gives a 1 — 1 correspondence between the isomorphism 
classes of simple A-modules and simple B-modules appearing in V. Furthermore, 
we have End B (V) = p(A). 

Proof. Put Wi = Hom^(C/i, Vi) for each i. Since b(Vi) C Vi for any b G B, one can 
define a representation Xi- B — ► End' (Wi) by (xi(6)w)(u) = b(w(u)) for all b G B, 
w e W{, and u G E/j. Then Wi is a simple S-module. In fact, let W[ C Wi be 
a nonzero -B-submodule. Since W/ is homogeneous, there is a homogeneous <fi G 
W/ — {0}, which can be regarded as an isomorphism onto 4>(Ui). Let 0' : <p(Ui) — ► £/j 
be its inverse. Also Vi = 0(C/i) © V/ for some ^4-submodule V(. Let ^ be any 
homogeneous element of Wi. Define b G B by b]^.^ = ip o cf>' and b\ v i = 0, 
whence ij> = b(j) G W/. Thus W/ contains all homogeneous elements of Wi, so that 
W/ = Wi. 

If C/i is of type M (resp. type Q) and V, ^ A f/f fe * ®Vf 1 '* (resp. ^ ^ A C/®<), 
then by Theorem 1.2 we have End A (Vi) ^ M(k' i ,l\) (resp. End A (Fi) ^ QK)). 
Since Xi decomposes as End^(V) — > End A (Vi) — ► End(Wi), the first part being a 
surjection and End^(Vi) being a simple superalgebra, we have Xi{B) — End^(Vi)- 
Therefore Wi is of type M (resp. type Q). 

Now Vi is a quotient of Ui®Wi by an ^©5-homomorphism Migiiu — > (-l) Q ^w(it) 
for u G (Ci)a an d u> G (Wj)^. If J7j and Wi are of type M, then by Theorem 1.4 
C^i <8> Wi is a simple vl <8> .B-module, so that Vi = A ^ B U (8> Wj. Next suppose C/i 
and Wi are of type Q. Choose G End^([/i) such that xf = —1, and define 
yi GEnd^(W)by 

(2.2) (»(«;))(«) = (-irV^lw( Xi (u)) 

for all it; G (Wj) a and u G Ui. Then yf = — 1. By Theorem 1.4 and a comparison 
of dimensions, we have either Vi — A ^ B (Ui <8> Wi) + or ([/, (8> Wi) - defined with 

respect to Xi®yi. Direct computation shows that the former is the case. 
Consequently we have 

(2-3) y= A0B UiQWi® (Ui®Wj + . 

type M type Q 

Then, using Theorem 1.6 we have 

p(A)<* M(ki,k)® Q(rn) 

type M type Q 

and also by Theorem 1.2 

M(fcJ,Oe Q(raJ) 

type M type Q 
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where 

dimUi = (ki,li), dimWi = {k^l'A if C7j and Wi are of type M, 
dim?7i = (nj,nj), dimWi = (n^,n^) if £/j and are of type Q. 

In particular, the .B-modules Wi are mutually nonisomorphic. Therefore (2.1) 
can also be regarded as the decomposition of V into 5-homogeneous components. 
Starting with this and appropriately identifying A(g>.B-modules with 5® A- modules 
as noted in §1, E, we can see that End B (V) = p(A). □ 

Note that , in (2.3), the signature in ([/, <%> Wi) + is always + so long as yi is 
constructed from Xj by (2.2) regardless of the choice of Xj. The above theorem gives 
a supercommuting action of two superalgebras A and B on V, which decomposes 
into a multiplicity-free sum of simple A <g) .B-modules, where type M (resp. type Q) 
simple A-modules are paired with type M (resp. type Q) simple i?-modules in a 
bijective manner. Later we also encounter a similar but slightly different situation, 
in which type M (resp. type Q) simple A-modules are paired with type Q (resp. 
type M) simple 5-modules. Here we formulate this as the following corollary. Note 
that the superalgebra generated by an element x of degree 1 satisfying x 2 = — 1 

is 2-dimensional, and is isomorphic to Q(l) by x ( ^—r V C^ _ )• It has a 



v 73 ! 

unique simple module of dimension 2, which is of type Q. (This superalgebra is 
also isomorphic to C\. See the beginning of §3.) 

Corollary 2.2. Let A, V and V = Vi®V 2 ®- ■ -®V S be as in Theorem 2.1. Assume 
that there exists x G End^(y) such that x 2 = —1. Let C denote the sub superalgebra 
of End A (V) generated by x, and put A 1 = A® C and B = End^/(V). Restricting 
the homomorphism p: A' ® B — > End(F) of Theorem 2.1, we can regard V as an 
A® B-module. Then each Vi, 1 < i < s, is a simple A® B-submodule ofV of type 
Q. 

Let Tj be a simple A-module contained in Vi. IfTi is of type M , then there exists 
a simple B-module Wi of type Q such that 

IfTi is of type Q, then there exists a simple B-module Wi of type M such that 

T i® W *=A®B T i® W i=A®B V i- 

We have 

Ti ¥a Tj, WiZsWj 

for all 1 < i j < s. This also gives a 1 — 1 correspondence between the isomor- 
phism classes of simple A-modules and simple B-modules appearing in V. 
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Furthermore, we have End A (V) = B <g> C and End B (F) = p(A) ® C. 

Proof. From Theorem 2.1, V is decomposed as a multiplicity-free sum of simple 
A' <8) 5-modules as follows: 

V =A'®b UiQWi® {Ui®Wi) + . 

type M type Q 

Without loss of generality, we may assume that the Ui, 1 < i < m, are of type M 
and the Uj, m + 1 < j < s, are of type Q for some m < s. 

We use Theorem 1.4 for A and C, noting that C has a unique simple module X 
of dimension 2, which is of type Q. For 1 < i < m, we are in case (c). This implies 
ki = k, and that T, = is a simple A-module of type Q. Also by Corollary 1.5 
the Ti, 1 < i < m, are all mutually nonisomorphic. For m + 1 < i < s, we are 
in case (b). Hence Ui =a> T% <8> X for some simple A- module T, of type M with 
dimention (A;", I") for some fc" and l'( summing up to n^. We can use x, = id^ <8) z, 
with z G End^(A) satisfying z 2 = — 1, for the x, required in the proof of Theorem 
2.1. Then (LT< ® Wi)+ = T; ® (X <g> Since (X ® VFi) + ls =s Wi, we have 

([/; ® Wi)+| A0B = A ^ B Ti ® Wi. Again by Corollary 1.5, the T;, m + 1 < i < s, are 
all mutually nonisomorphic. Therefore we have 

V =a®b © TiVWt® T, <g) Wj. 

l<i<m m + l<i<s 

in which all Tj are distinct. Thus the T, ® Wj are the ^-homogeneous components, 
and this decomposition coincides with that into the Vi in the statement. This 
establishes a 1 — 1 correspondence between the simple A-modules of type Q (resp. 
type M) and the simple S-modules of type M (resp. type Q) appearing in V. 

By Theorem 2.1, we have End B (V) = p(A'). The surjective homomorphism 
p{A) ® C — ► p(j4') is an isomorphism, since for any simple component of S of p(A), 
S (8> C is a simple superalgebra by Theorem 1.3, and its image is present since 
S <8) lc is mapped injectively. 

Moreover, clearly End^ 4 (V r ) contains C and 5, therefore by the same argument 
C <S> B. We have, by Theorem 2.1 and the above decomposition under A B, 

5=0 M(ki,k) © Q{m) and 

1 <i<m m + l<i<s 

End A (F)^ Q(fc i + Z i )e M(rii,ni). 

l<i<m m + l<i<s 

Comparing the dimensions, we see that C ® B gives the whole End A (V). □ 

Remark. The assumption in the above corollary is actually equivalent to the exis- 
tence of an invertible element in End^(y). In fact, the latter means the existence 
of an invertible element of degree 1 in each simple component of End^(V), which is 
equivalent to assuming k\ = l\ for all 1 < i < m in the decomposition of Theorem 
2.1 applied for A and End A (V) (not for A' and B). If this is the case, End^(F) 
clearly contains an element x' satisfying (x') 2 = 1, whence an element x satisfying 
x 2 = — 1 also. The other direction is clear since such x is invertible. 
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3. A SIMPLE RELATION BETWEEN Ak AND B k 

Let Ck denote the 2 fc -dimensional Clifford algebra, namely Ck is an associative 
algebra generated by k elements £1, • • • , £fc subject to relations 

(3-1) £ = 1, Uj = ~^i + ■ 

We regard Ck as a superalgebra by giving degree 1 to the generator £j for all 
1 < i < k. For any subset I = {it < 12 < ■ ■ ■ < i r } of [k] = {1, 2, . . . , A;}, we write 
= £^£^2 ■ ■ ■ £j r . Then {£/ ; / C [A;]} is a basis of Ck- Note that Ck is isomorphic 
to a twisted group algebra of WJ^ an d therefore it is semisimple. Furthermore, it is 
easy to show that Ck is a simple superalgebra. If k is even (resp. odd), then Ck is 
of type M (resp. of type Q). Put r = \k/2\ . Define a Z 2 -graded simple C^-module 
Xk as a minimal left superideal (namely a minimal Z 2 -graded left ideal) of Ck as 
follows: 

(3.2) X k = C k e, 

e = eie 2 ■ ■ -e r , e; = -^=(1 + V^T&i-i&i). 

For each e = (ei, . . . , e r ) G Z 2 , put £ e = ei)(£g 2 e 2 ) • • • (£,2r-i e r)- If & is even 
(resp. odd), then {£ e ; e G ZJJ} (resp. {£ £ ; £ G ZJJ} U {£ £ £fc ; £ G Zj}) is a basis of 
Xfe. If /c is odd, define Zk G Endc fc (-X" & ) by 

^(f4 Q ) = (-i) Ei£ * +a (fC +1 ) 

for all e = (ei, ... , £ r ) G Z 2 and a G Z 2 . Note that z\ = —1. 

Proposition 3.1. (cf. [12, Prop. 3.1]) The character value of the simple Ck-module 
Xk is given by 

Ch[X k ] (^ CI ^ =2^)/^ 

for any element J2j ci£i £ Ck, with cj G C for all I C [A;]. 

The following isomorphism is the key to our clarification of the relation between 
the simple modules over Ak and Bk- 

Theorem 3.2. There exists a superalgebra homomorphism 1}: Ck <£> Ak — ► £>fc sat- 
isfying 

(3.3) ® 1) i-f Ti (1 < i < At), 

^(1 ® 7i) » ^={Tj - T j + 1 )<Tj (1 < j < k ~ 1) 

where Tj = <Jj_i • • • o\tg\ . . . Ui-i for all I < i < k. Then it follows that 1? is an 
isomorphism. 

Proof. Put 

1 , 
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Ti{Tj - T j+1 ) = < 



for all 1 < j < k - 1. 

It is easy to check that the Tj, 1 < i < k, and the 7^, 1 < j < k — 1, satisfy the 
relations (3.1) and (1.2) in which £j and 7j are replaced by Tj and respectively. 
Furthermore, we have r^j = — 7jTj for all 1 < i < k, 1 < j < k — 1, since 

-( T j - Tj+i)n-i ifi = j + l, 
-(.Tj-Tj+i)n 3,3 + 1, 

o-jT i+1 if i = j, 
o-jTi-i if i = .7 + 1, 
UjTi if i^j,j + I. 

Therefore 1? is a homomorphism. 
Since 

46®l) = r and 0(^=(& ~ Sj+i) ® lj) = a, 

for all 1 < j < k — 1, it follows that 1? is surjective. Furthermore, it follows that i? is 
bijective, since dim (Ck <8> .A/c) = dim£>fc = 2 fc /c!. Therefore ■d is an isomorphism. □ 

Using the above isomorphism, we identify Ck (8> Ak with Bk and regard <g) „4fc- 
modules (8> V^, ^ G -D-P/o as /^-modules. By Theorem 1.4, we can construct 
all simple ^-modules as follows. For each v G DP^ , fix a nonzero element x„ of 
End^(K). 

Proposition 3.3. (1) // k is even, then {Xk (8> V^, Xk ®V v \v G DP£} (resp. 
{Xk ®V v \v G DP k ~}) is a complete set of strict isomorphism classes of simple 
Bk-modules of type M (resp. type Q). 

(2) // k is odd, then {(X k ® V v )+, (X k ® V v )~ \ v G DP'} (resp. {X k ®V u \u£ 
DP^}) is a complete set of strict isomorphism clases of simple Bk-modules of type 
M (resp. type Q), where, if v G DP k ~ , {Xk ® V u ) denotes the ±V —1-eigenspace 
of Zk <8> x v G Endg fc (X^ ® V^) respectively. 

The following proposition shows that our parametrization of the simple Bk- 
modules coincides with Sergeev's parametrization in Theorem 1.9. 

Proposition 3.4. If k is even or v G DP^ , then 

Ch[X k ® V v ] = i/>„. 

If k is odd and v G P>P k ~ > then 

Ch[{X k ® V v ) + ] = Ch[{X k ® v v )~] = 
Here ip^ is the irreducible character defined in Theorem 1.9. 

Proof. Let v G DPk, fi G OPk and put / = l([i). Since o~^'^ is a product of k — I 
generators aj, its image under is a product ofk — l elements of Ck <8> Ak of the 
form -^j(£j — ® Tj- Rearrange this product into the form 

(constant) x (product of the £j — £j+i) <8> (product of the jj). 
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Let E denote the product of the £j — in this expression. The product of the 
7j equals 7 M . Therefore we have 

k-l 



= (_1)(V) (_L)' 



7 M , 



where the signature comes from interchanging the elements of degree 1. This gives 
Ch[X fc V*'^) = (-1)(V) (JL) Ch[X k ](S) Ch[K]( 7 ^). 



By Proposition 3.1, Ch[X/ c ](H') equals 2^ k+1 ^ 2 ^ times the coefficient of 1 in the 
expansion of this product into the £/, I C [k]. We have 

S = a 1 (S 1 )a 2 (S 2 ) ■ ■ ■ ai(Si) 

where 

s,- = (6 - 6X6 - 6) ■ ■ ■ (^-i - W e C M3 . 

and : C Mj — > is the embedding defined by £j i— ► C^i+^H — hw-i+i (1 < i < 
/Uj, 1 < J < /)• If we let Cj denote the coefficient of 1 in the expansion of Sj into 
the £/. , Ij C [/^], then we have Ch[X k ](S) = 2L( fe + 1 )/ 2 J Cl c 2 ■ ■ ■ Cj. Clearly 

if //j is even, 

(—1) 2 if ^ is odd, 
so that we have Ch[X k ](S) = 2 L( fc +i)/ 2 J (_i)O-0/ 2 _ This signature cancels with 

(-1)(^ ! ), since (*"') + ^ = and we have k-l = (mod 2) (so that 

(k — I) 2 = (mod 4)) because /j, £ OP k . Therefore we have 

Ch^^Kp-V^)) 

f (V2)' Ch[K](7 M ) if k is even, 

= 2^ (v / 2) i " fc Ch[K](7 M ) = < 

k (v^)^ 1 Ch[K] (7 M ) if k is odd. 
In particular, if k is odd and v 6 -D-P^T , we have 

Ch[(X fc ^ vg+Ktf" V'* 5 )) = Ch[(X fc vg-](<r V^)) 
= (V2y- 1 Ch[K]( 7 ^). 

If k is even, then d(^) = e(y) for any ^ G -D-Pfc- By Theorem 1.8, Theorem 1.9 
and Theorem 1.10, we have 

Ch[X k ^V u ]^-\a^))(V2)- l ^- d( ^Q u 
= (V2) 1 ^ Yl Ch[K](7^)(V2)- ZH - eM Q, 
= l m p„ 
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Since the Q„, v G DP k , are linearly independent in Q k (cf. §1, C), we have Ch[X k ^ 
V v \(^- 1 {a^)) = %l> v (<jte><ft). Therefore we have Ch\X k ® V v \ = Vv 
If k is odd, then d(v) + e{u) = 1 for any v G DPj;. We have 

2"^ Ch[X fc ® V„}(-d-\a^))(V2)- l ^- d ^Q„ 
= (V2)' +1 " 2eM Ch[K]( 7 ^)(v / 2)- iM - <iH Q, 

= V,(^' 0) )(V2)-' M - dM Q,. 

This gives 2" £ W Ch[X fc K„] = ip„. Namely, Ch[X k ® V v \ = ij, v if i/ G DP+ and 

Ch[(X fe ®K) + ] = Ch[(X fe ®K)-] =^„ if vtDP k ~. □ 

By Proposition 3.4 , we can fix the choice of simple £>fc-modules W v , which afford 
the characters as follows: 

/ 3 ^ _ f X fc (8) K if fc is even or z> € DP^, 

1 ' j " ~ 1 (X fe ® K) + if fc is odd and v G DP;, 

where (X^ <g) V^) 1 * 1 are as in Proposition 3.3. The W u , v G DP k , form a complete 
set of (not strict) isomorphism classes of simple £>fc-module. 

The following proposition gives the restriction rule of the simple .B^-modules to 

A k by A k 1 ® Ak C C k <g> ^ B fc . 

Proposition 3.5. For any z/ G DP/,, i/te simple B k -module W v restricts to an 
A k -module as follows: 

(Kenr [(t " I,/2J if I /€i>p+, 



F® 2L(fc+1,/2J if g DP;, fc is even, 

^ ym^y^ if ^ G DP~, fc is odd, 



where W v \ Ak and V v are shifts ofW v \ Ak and V v respectively. 

Proof. First, in view of Theorem 1.8, the *4fc-modules on the right-hand sides are 
all strictly isomorphic to their shifts. Assume v G DP k ■ We have £ <8) V v = V v 
(resp. V„) if £ G (X k ) (resp. (X k )i). From (3.4) and the fact that dim(Xfc) = 
dim(X fc )i = 2L( fe - 1 )/ 2 J, we have 

Assume v G -DP; . We have ^%V V = V V = V V for any homogeneous element 
£ G Afc . Therefore we 

have^U fc =K e2Ll ' / J iffc 

is even, and we have W v \ Ak © 
W v \ Ah =X k ®V v \ Ak =v® 2l(k+1)/2i iffc is odd. Note that W v = (X k ®V v )~. The 
result also follows in this case. □ 
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4. A DUALITY RELATION OF Ak AND q(n) 

In this section, we establish a duality relation between Ak and U n . 
We can rewrite (1.11) using the description of W v after the Proof of Proposition 
3.4. If k is even, then we have 

W<* (X k ®V v )®U v ® ((X k <8>V v )®U v y 

u€DP+ v^ DP k 

and if k is odd, then we have 

w± (i fe 0K) + «^e ((x fc <8K)<8£/„) + . 

Note that the symbol + is used in three ways. 

(1) If k is odd and v G DPjT , then both and V„ are of type Q. (Xk <8> V^) + 

is the (+v / ^T)-eigenspace of z k <8> x„. 

(2) If is even and i/ G DP^ , then A^, V^, ?7j, are of type M, Q, Q respectively. 
((Xk <8> V^) (8) £/„) + is the ( + yj — 1 ) -eigenspace of (1 (8> &„) (8> u„, where u v G 
End^ (i7„) is defined from 1 (g> x„ as in (2.2). 

(3) If is odd and v G DP^~, then A^, V^, J7„ are of type Q, M, Q respectively. 
((Xk <8> Vjy) (8) ^) + is the (+\/— T)-eigenspace of (zk <8> 1) <8> u„, where u v G 
End^ n (C/ J/ ) is defined from <8> 1 as in (2.2). 

Put r = [k/2\ and Q = V^fo-ifo G C fc for 1 < i < r. The #(&), 1 < i < r, 
are commuting involutions of ^((Cfe)o) C *((Bfc)o) = End@,- Wji )(H^). 

Then W is a direct sum of the simultaneous eigenspaces W s , e = (ei, . . . ,e r ) G 
Z£, namely we have 

W = 

e=(ei ,...,e r .)GZ2 

ry £ = {«, G ; *(Ci)H = (-l) £l ^ (1 < « < r)}. 
It is clear that is an Ak <8> £/ n -module for each e G Z£. 

Theorem 4.1. For eac/i £ G Zj, i/je submodule W £ is decomposed as a multiplicity- 
free sum of simple A k <8> W n -modules, in which the simple Ak-modules are paired 
with the simple U n -modules in a bijective manner ((4.1) and (4.3) ). More precisely, 
we have the following decomposition. 

For each e = (si, . . . , e r ) G ZJj, put a(e) = £\ + • • • + e r G Z 2 . 

(1) Assume that k is even. If a(e) = 0, then W £ is a direct sum of simple 
Ak <8> U n -modules of type M as follows: 

(4.1) W Z = Ak m n © V V <8>U V ® (K®C/,) + 

ueDP+ v^dp- 



DUALITY 



19 



where (V„ <X> L^,) 1 * 1 denotes the ±V — 1-eigenspace of x v ®u v G End ■ {V V ®U V ) , 
where u v is defined as in Theorem 1.10 with y v = l®x v (if k is even and v G DP k ~ ) 
or y v = Zk (8> 1 (if k is odd and v G DPj^ ). 

If a{e) = 1, then W e is also a direct sum of simple A k <3>U n -modules of type M 
and is strictly isomorphic to the shift of the module on the right-hand side in (4.1). 

Furthermore we have 

(4.2) End 0([/ „)(tn = 9(Ak), End nAk) (W*) = ®{U n ) 

for all £ £ Zj. 

(2) Assume that k is odd. Then W £ is an A k ®U n -module of type Q and 

v€DP k 

Furthermore we have 
(4.4) End e(Un) (W £ ) * Ci ® *(A k ), Endy (Ak) (W £ ) * d ® 9(W„). 

Proof. For each e 6 Zj, let X| denote the simultaneous eigenspace of A"fc of the 
d = \ /3 T?2i-i6i, 1 < i < r, namely 

^ = {ee^;C,e = H)^ (i<»<r)}. 

(1) Assume that k is even. Then we have Xf. = C£ £ since Ci£ £ = (— l) £i £ e for each 
e£Z r 2 . 

If v £ F>P k ~ , then we have 

(X k ®V V ® U v ) + =0I t E «(K® U u ) + 

since the Q, 1 < i < r, and 1 ® Xj, ® Uj, commute. If ^ G DP^ , then we have 
^®K®^=©4 E ® (K ® */„)■ 

Consequently, 

' e, eDP + k ® */„ e e„ eJJP - (k © i7„) 

Ak®U n — : — ; : 

1 0, 6D p+ k ® i7 w © e„ eDP - (k © 



if a(e) = 0, 
" if a(e) = 1. 
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Therefore (4.1) follows. 

Since W £ is an Ak <8> £/ n -module, we have 

Q(U n )\w CEnd v{Ah) (W e ). 

Define a linear map p e : Q(U n ) — > 0(W n )| vk e by p £ (/) = for all / 6 @(U n ). We 
claim that p e is injective. Assume that / G kerp e , namely p £ (/) = G End(VF e ). 
Since / and ^j-i's commute, and a subgroup of (Cfc) x generated by the ^2j-i, 
1 < j < r, transitively act on {W £> ; e' G Z 2 } as follows: 

^j-iW^ 1 '---'^ = w^ Sl '-' e J +1 '-' e ^ 

for all 1 < j < r, it follows that = for all e' G Z£. Therefore / = in 

End(W), as required. Hence p e is injective. 

From Theorem 1.10, Theorem 2.1, and (4.1), we have 

dimEnd^ fc) (W £ ) = dimEnd^ (Bfc) (W) = d\mQ{U n ) = dim0(W n )|w^. 

Consequently we have 

End^ (Ak) (W £ ) = e(U n )\ w . 
and, from Theorem 2.1, we have 

End e[Un) (W*) = V(A k ). 

(2) Assume that k is odd. If v G DPj}~, then we regard the ® C^-module 
V^tgAfc as a Cfcigi^lfc-module via oj Cfcj _4 fc (cf. §1, E). Then A fc <g = V"„(g>A fc by the 
map 9: Xk®V v V v ®Xk defined by 9(£®v) = (— l) a '^<g£ for all homogeneous 
£ G (Afc) Q and t> G {V v )p (a, /? G Z 2 ). Since 6* o (z fe (g 1) = (1 (g z fc ) o 0, we have 

{X k ®V V ® U v ) + = BkWn K ® (A fe (8 17„)+ 

where (A& <g L r !/ ) ± denotes the ±>/^T-eigenspace of Zk®u u G End° ■ (A& <g f7„) 
respectively. Since the Q, 1 < i < r, and Zk <g u„ commute, we have 

(A fe ® 17„)+ = (XI U v )+ 

where (A| (g L^) 1 * 1 denotes the ±^f— T-eigenspace of ® u„ G End^ (A| (g JJ^) 
respectively. Note that we have X% = C£ e © C£ £ £ fc , since C;(£ e £fc) = "(-l) £i £ £ ££ 
for each e G Z 2 and a G Z 2 . Then it is clear that (A| (g ^) + is a £/„-module for 
each e G ZJj. Moreover, by theorem 1.4 (c) we have 
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Therefore we have 



for all e 6 Z£. If ^ G 77P fc , then we have 



since the £i, 1 < i < J", and ® Xj,) ® 1 commute, where (XjF ® V^)" 11 denotes the 



Therefore (4.3) follows. From Corollary 2.2, (4,4) follows. □ 

Corollary 4.2. The duality relation of Ak and U n in Theorem 4-1 gives Schur's 
formula (1.6). Namely we get Schur's formula (1.6) 6y ^ e calculation of the char- 
acter of the Ak ®U n -module W £ in Theorem 4-1- 

Proof. By what we noted before Theorem 1.10, any Ak <8> £/ n -submodule W of W 
can be regarded as an „4fc-module with a commuting polynomial representation 
9w' of GL(n,C). Here we extend our notation in Theorem 1.10 to let Ch[W'] G 
Zo((Ak <g C[GL(n,C)]*) be determined by x (g g i— > tr(xw 0w(ff)) f° r x e *4fc 
and g G GL(n, C), where xw" denotes the action of x G .4.*, on W'. 

For any e, e' G Z£, we have Ch[W e ] = Ch[W E '}, since W e ^ W £ '. Then, we 
have Ch[Vy] = 2 r Ch[PF e ] for any e G Z£. Therefore, for each jit G OPk and each 
diagonal element E = diag (xi, X2, • • • , x n ) G GL(n, C), we have 



Put £ = £(//). Since 1 ® 7 M is a product of A; — I elements 1 ® 7j, its image under $ 
is a product of fc — I elements of Bk of the form -^{jj — T j+i)°~j- Rearrange this 
product into the form 




Consequently we have 



W e ck W e ^ ^® 



v£DP k 




(constant) x (product of the r r — r s ) x (product of the aj). 



The product of the aj equals a^'^ . Expanding the product of r r — r s into a sum 
of k — I elements, we have 




x 



(product of the r r ) x a 
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Then all terms in the summation are conjugate to a^'^ in (Bk) x ■ Therefore we 
have 



Ch[W £ ] (7" ® E) = 2~ r 2 k -\V2) l - k Ch[W] [a M) ® Ej 

= (V2)- 2r + k - l h%( Xl ,...,x n ) 

(\f2) l p^(xi, . . . ,x n ) if A; is even, 

= < 

k (\/2) 1+ Vm( x i> • • • -> x n) if A; is odd. 
On the other hand, using (1.10), if k is even, then we have 

Ch[ v v ®u v ® [y„ <8> U v ) + ] (7^ <8> E) 

v£DP+ v^DP- 

= £ Ch[V v ]m^)~ d{v) ~ l{v) QAx 1 ,...,x n ) 

i>€DP k 

= Ch[K](7 At )(V2)- £M -' M Q,(x 1 ,...,x n ) 
veDP k 

and if k is odd, then we have 

Ch[ V V ®U V ® V v ®U v \{-f®E) 

v€DP+ v ^ DP k 

= Ch[V„](r)(V2) 1 - l MQ„(x 1 ,...,x n ) 

V&DP+ 



+ Ch[K]( 7 ^)(V2)- iM Q,(x 1 ,... 



X r 



= V2x Ch[K]( 7 ^(V2)- £M -' M Q,(x 1 ,...,x n ). 

Consequently the result follows. □ 
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